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Abstract In bigravity, when taking into account the potential existence of matter
fields minimally coupled to the second gravitation sector, the dynamics of our Uni-
verse depends on some matter that cannot be observed in a direct way. In this paper,
we assume the existence of a Noether symmetry in bigravity cosmologies in order to
constrain the dynamics of that matter. By imposing this assumption we obtain cosmo-
logical models with interesting phenomenology. In fact, considering that our universe
is filled with standard matter and radiation, we show that the existence of a Noether
symmetry implies that either the dynamics of the second sector decouples, being the
model equivalent to General Relativity, or the cosmological evolution of our universe
tends to a de Sitter state with the vacuum energy in it given by the conserved quantity
associated with the symmetry. The physical consequences of the genuine bigravity
models obtained are briefly discussed. We also point out that the first model, which
is equivalent to General Relativity, may be favored due to the potential appearance of
instabilities in the second model.
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1 Introduction
Bigravity theories, which are models of two mutually interacting dynamical met-
rics, were initially introduced by Isham, Salam, and Strathdee in the seventies [1].
These theories can be interpreted as describing two universes interacting in a classi-
cal way through their gravitational effects [2]. Recently, they have attracted consid-
erable attention since Hassan and Rosen formulated a bigravity theory [3] that is free
of the Boulware–Deser ghost [4]. The formulation of this ghost-free bigravity theory
was possible thanks to the development of a theory of massive gravity by de Rham,
Gabadadze and Tolley that was also potentially stable [5,6] (see references [7,8,9]
for a reviews). This massive gravity theory has 5 propagating modes, however, some
solutions may still present stability issues related to the scalar polarization [10,11,12,
13]. In addition, there could be nontrivial gravitational effects in vacuum for massive
gravity theories with a Friedmann-Lemaıˆtre-Robertson-Walker (FLRW) background
metric [14]. Nevertheless, these potential shortcomings would not necessarily affect
the ghost-free bigravity theory [14,15], which could also be considered to be con-
ceptually favoured against massive gravity since it is a background independent the-
ory. In bigravity the two gravitational sectors may be interpreted as weakly coupled
worlds in the nomenclature introduced in reference [2]. Unlike other modified gravity
theories, the Solar System constraint on this type of theories are so tight that they au-
tomatically fulfils the constraint coming from the recently observed GW170817 and
GRB 170817A events [16].
Cosmological scenarios of the ghost-free bigravity theory have been studied as-
suming that there is only matter minimally coupled to one gravitational sector [17,
18,19]. These models can describe accelerated solutions in absence of a cosmologi-
cal constant [20,21]. Nevertheless, as assuming the absence of matter coupled to one
sector is a strong assumption [22], the possible presence of two sets of matter fields
minimally coupled to each gravitational sector has also been considered [22,23]. The
future cosmological evolution could approach a de Sitter state, a matter dominated
universe, or even a spacetime future singularity when assuming ordinary matter in
both sectors [23]. Moreover, perturbations in bimetric cosmologies for both cases
have been investigated [24,25,26,27,28,29,30]. It should be noted, however, that if
the matter content minimally coupled to the second gravitational sector is completely
arbitrary, then one could re-construct any desired cosmological evolution for our uni-
verse by simply fine-tuning that material content which is not directly observable
[22]. Therefore, it would be desirable to find an argument which would favor a par-
ticular kind of material content to be coupled to the second gravitational sector. On
the other hand, more general couplings of matter to the gravitational sectors have also
been considered [31,32,33,34]. Although some of these couplings could be free of
the Boulware–Deser ghost below a cut-off scale [32], we focus our attention on the
ghost-free minimally coupled case.
Ghost-free multigravity theories [35,36,37], general f (R) kinetic terms for the
metrics [38], and Lanczos–Lovelock terms [39] in higher dimensional generalizations
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[40] have also been investigated. Nevertheless, in this paper, we consider a theory of
the form
S = SEH(g)+κSEH( f )+m
2Sint(g f
−1)+ Sm(g,φα ,∇α φα)+ εSm( f ,φ α ,∇α φα),(1)
where we assume that the interaction term is independent of the derivatives of the
metrics (and it is of the particular form introduced in [3]), that φα 6= φα , κ 6= 0,
m2 6= 0 and ε are different constants. The interaction term leading to a ghost-free bi-
gravity theory [3] is the same as the Lagrangian terms giving mass to the graviton in
the ghost-free massive gravity theory [5,6,41]. However, the characteristics and un-
derlying philosophy of those theories is completely different. As it has been pointed
out in reference [42], if one insists in considering massive gravity as a particular limit
of bimetric gravity, that limit would corresponds to setting κ = ε = 0. Such a limit
must be taken carefully since there is not complete continuity in the parameter space
of the theory [42].
With these considerations in mind, in this paper we explore the possibility of
fixing the role and dynamics of the minimally coupled matter in bigravity. The ex-
istence of symmetries has been a guidance principle in the construction of different
models in physics. Usually one assumes a particular symmetry which is physically
well motivated to restrict the forms of the possible Lagrangian models of the theory.
The Noether Symmetry Approach consists in giving a class of Lagrangians, restrict-
ing to those presenting Noether symmetries, and integrating the related dynamics
[43]. Specifically, in the context of theories of gravity [44,45] the Noether Symme-
try Approach has been proven to be a useful method for obtaining exact solutions
in cosmological scenarios [46,47]. The method consists in assuming the existence
of an arbitrary Noether symmetry for a family of Lagrangians in cosmological sce-
narios. Since a symmetry does not always exist, the method select both the form of
the Lagrangians that have a symmetry (fixing, in particular, the form of couplings
and potentials) and the particular symmetry (i.e. the associated conserved quantity).
Moreover, once the symmetry is known, the equations of motion can be easily inte-
grated. The Noether Symmetry Approach has allowed to select particular theories of
interest and to obtain exact cosmological solutions in several cases (see for example
[49,50,51,48]). It is worth noticing that symmetries have always a physical meaning
and their existence discriminates between physical and unphysical models besides
allowing integrability of related dynamical systems. In the present case, the existence
of symmetries determines the matter content of the bigravity system. In particular,
the existence of a Noether symmetry implies that either the dynamics of the second
cosmological sector decouples, being the model equivalent to general relativity, or the
cosmological evolution of the observed universe evolves towards a de Sitter state with
the vacuum energy (the cosmological constant) determined by the conserved quantity
associated to the symmetry. In other words, the matter content (and the source) of the
cosmological dynamical model is determined by the symmetry. On the contrary, the
absence of symmetry does not allow any conclusion on matter content and cosmolog-
ical constant. Another important example is discussed in [47] where minisuperspace
models, related to quantum cosmology, are taken into account. There, the presence of
Noether symmetries determines oscillating behaviors in the wave function of the uni-
verse, solution of the Wheeler-de Witt equation. In this case, according to the Hartle
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criterion, correlated quantities can be identified and conserved momenta imply that
observable universes are selected. If the symmetries do not exist, it is not possible to
state if observable models can be found or not. In this sense, symmetries are a sort of
criterion to select physical models.
In bigravity the situation is different than in the case of extended theories of grav-
ity. Here, the Lagrangian is already fixed and belongs to the family of ghost-free
Lagrangians, which includes only four free parameters, but the kind of matter fields,
minimally coupled to the second gravitational sector, is completely arbitrary, entail-
ing a great freedom [22]. Hence, we consider that the material content, minimally
coupled to the second sector, should be such that there is a Noether symmetry for
the resulting cosmological model. Therefore, in this paper, we will apply the Noether
Symmetry Approach to bigravity cosmology not only to select the material content
minimally coupled to the second gravitational sector (when assuming the presence of
a suitable amount of ordinary matter minimally coupled to our sector) but also to fix
some of the free parameters appearing in the interaction Lagrangian.
Specifically, searching for Noether symmetries in bigravity cosmology has some
advantages that can be listed as follows: i) it allows to restrict the range of free pa-
rameters according to the criterion of existence or not of symmetry. This seems an
arbitrary assumption, but it is motivated by the fact that the presence of conserved
quantities allows the reduction of dynamical systems, and, in principle, their exact
integration, if the number of first integrals is the same as the number of configura-
tion space variables; ii) if the observed universe is filled with standard matter and
radiation, the presence of Noether symmetries allows the decoupling with respect to
the second gravitational sector, being the model equivalent to general relativity. This
decoupling is not guaranteed, if a symmetry is not present: in fact, the decoupling
strictly relies on the possibility to integrate the dynamical system; iii) finally, if the
observed universe evolves towards a de Sitter phase, the conserved quantity related
to the Noether symmetry allows to fix the vacuum energy (i.e. the cosmological con-
stant) of the model.
Despite the advantages of the existence of a Noether symmetry that we have just
discussed, we have to comment also a potential difficulty of some bigravity mod-
els that we obtain in this paper. We start by considering a particular bigravity La-
grangian because it propagates the correct number of modes and is, therefore, free
of the Boulware–Deser ghost. However, we obtain that the purely bigravity mod-
els, which are not equivalent to General Relativity (GR) due to the decoupling of
the gravitational sectors, with a Noether symmetry, present gravitational couplings in
both sectors with different signs. So these models could still lead to other instabili-
ties. This conclusion would point out that GR is the only stable bigravity model with
a Noether symmetry. This statement needs further detailed analysis.
The layout of the paper is as follows: In section 2, we present the basic formalism
of cosmological solutions in bigravity. We summarize how to obtain the Friedmann
equations in subsection 2.1 and we construct the point-like Lagrangian in subsec-
tion 2.2. In section 3, we consider the Noether Symmetry Approach in the context of
cosmological bigravity solutions in order to fix the material content minimally cou-
pled to the second gravitational sector. We review the Noether Symmetry Approach
in subsection 3.1, apply it to bigravity cosmological models in subsection 3.2, and
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discuss the particular solutions that we obtain in subsection 3.3. In section 4, we dis-
cuss the potential issues of some particular cosmological solutions with a Noether
symmetry. We summarize the results in section 5 and relegate some considerations
about the definition of the point-like Lagrangian to appendix A.
2 Bicosmology
In this section, we include some results about cosmological scenarios of the ghost-
free bimetric theory of gravity [3]. In the first place, in the subsection 2.1, we summa-
rize the equations of motion retrieved from the action of the theory and, in particular,
the modified Friedmann equations, obtained by substituting the cosmological ansatz
in the modified Einstein equations. In subsection 2.2, we re-obtain a point-like La-
grangian by considering the cosmological ansatz in the general action of the theory.
As we will show, the modified Friedmann equations can also be extracted by varying
the point-like Lagrangian, therefore, being both procedures compatible. Finally, in
subsection 2.3, we present an equivalent but non-degenerate point-like Lagrangian
that will be suitable for the subsequent analysis.
2.1 Bimetric cosmology
The interaction Lagrangian of the ghost-free bigravity theory formulated by Hassan
and Rosen is a function of the matrix γ , implicitely defined as
γµ ρ γ
ρ
ν = g
µρ fµρ . (2)
The action reads [3]
S =
M2P
2
∫
d4x
√−gR(g)+ κM
2
P
2
∫
d4x
√
− f R( f )−m2
∫
d4x
√−g
4
∑
n=0
βn en(γ)
+
∫
d4x
√−gLm
(
φα , ∇β φα
)
+
∫
d4x
√
− f Lm
(
φ α , ∇β φα
)
, (3)
where the parameter ε appearing in equation (1) has been absorved in Lm. On the
above expression, the elementary symmetric polynomials are [52]
e0(γ) = 1, (4)
e1(γ) = tr[γ], (5)
e2(γ) =
1
2
(
tr[γ]2− tr[γ2]) , (6)
e3(γ) =
1
6
(
tr[γ]3− 3tr[γ]tr[γ2]+ 2tr[γ3]) , (7)
e4(γ) = det(γ), (8)
and the fields φα and φ α are minimally coupled to g and f , respectively. In addition,
MP is the Planck mass
1, κ a dimensionless constant, and m and βn are (free) constants
1 It must be noted that MP is related with the gravitational coupling appearing in the modified Einstein
equations (9). However, it could be considered that the physical Planck mass is the one of the massless
spin-2 mode mediating the gravitational force, that is MP(1+κ).
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of the model with dimensions of mass and inverse mass squared, respectively. It must
be noted that although we have not explicitly written a cosmological constant for
each kinetic term in the action (3), those cosmological constants have been absorbed
in the e0 and e4 terms of the interaction Lagrangian since they are equivalent to cos-
mological constant contributions for the g-space and f -space [52,53]. The variation
of the action (3) with respect to the two metrics leads to two sets of modified Einstein
equations. These are [17,42]
Gµ ν =
1
M2P
(
T (m)µ ν +T
µ
ν
)
, (9)
and
G
µ
ν =
1
κM2P
(
T
(m)µ
ν +T
µ
ν
)
, (10)
where
T µ ν = −m2 [β0+β1 e1(γ)+β2 e2(γ)+β3 e3(γ)] δ µ ν
+ m2 [β1+β2 e1(γ)+β3 e2(γ)]γ
µ
ν
− m2 [β2+β3 e1(γ)]{γ2}µν +β3{γ3}µ ν , (11)
and
T
µ
ν = −m2
√
g f−1 {[β1+β2 e1(γ)+β3 e2(γ)]γµ ν
− [β2+β3 e1(γ)]{γ2}µν +β3{γ3}µ ν
}−m2β4. (12)
The indexes of equations (9) and (10) must be raised and lowered using g and f , re-
spectively. In addition, T (m)µν and T
(m)µ
ν correspond to the matter energy-momentum
tensors of the g-space and f -space, respectively,
Now, let us consider a cosmological scenario. We assume that the metrics can be
written as follows:
ds2g =−N(t)2dt2+ a(t)2
[
dr2
1− kr2 + r
2dΩ 2(2)
]
, (13)
and
ds2f =−N(t)2 dt2+ b(t)2
[
dr2
1− kr2 + r
2dΩ 2(2)
]
, (14)
where dΩ 2(2) = dθ
2 + sin2 θ dφ2 and k = 0,±1 is the spatial curvature parameter.
More general cosmological ansatzs have been also considered in the literature (cf.
references [54] and [55]). The modified Friedman equations for each space can be
obtained substituting the ansatzs (13) and (14) in equations (9) and (10). That can be
done either by brute force [17] or noting that (13) and (14) are related through the
generalized Gordon ansatz [56]. Following any of the two procedures, one obtains
e1 = 3
b
a
+
N
N
, e2 = 3
b2
a2
+ 3
N
N
b
a
, e3 =
b3
a3
+ 3
N
N
b2
a2
. (15)
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The modified Friedmann equations are
H2g +
k
a2
=
1
3M2P
[
ρbg(b/a)+ρm(a)
]
, (16)
and
H2f +
k
b2
=
1
3κM2P
[
ρbg(a/b)+ρm(b)
]
, (17)
where the effective energy density due to the interaction in each space has been de-
fined as [56]
ρbg = m
2
(
β0+ 3β1
b
a
+ 3β2
b2
a2
+β3
b3
a3
)
, (18)
ρbg = m
2
(
β4+ 3β3
a
b
+ 3β2
a2
b2
+β1
a3
b3
)
, (19)
and the Hubble functions are Hg = a˙/(N a) and Hf = b˙/(N b), respectively, with ˙≡
d/dt.
On the other hand, due to the diffeomorphism invariance of the matter actions
appearing in the action (3), the stress-energy tensors of the matter components of
both spaces are conserved. Therefore one has ρ˙m/N + 3Hg[1+wm(a)]ρm = 0 and
ρ˙m/N+3Hf[1+wm(b)]ρm = 0. Moreover, taking into account the Bianchi identities
together with these conservations, the effective stress energy tensors (11) and (12)
must be also conserved. This leads to the Bianchi-inspired constraint2 [18,17,56]
b˙(t)
N(t)
=
a˙(t)
N(t)
. (20)
As is already well known, this implies that the Hubble function of the f -space can
be expressed as Hf = a˙/(N b). Therefore, the Friedmann equations of both spaces,
equations (16) and (17), are coupled [18,17]. This allows us to write the Friedmann
equation of the second universe (17) as
a2
b2
(
H2g +
k
a2
)
=
1
3κM2P
[
ρbg(a/b)+ρm(b)
]
, (21)
which can be combined with equation (16) to remove the term H2g . Considering a
general material content in both universes, this procedure leads to [22]
c4Γ
4+ c3Γ
3−Dρm(b)Γ 3+ c2Γ 2+Dρm(a)Γ + c1Γ − c0 = 0, (22)
where Γ = b/a, c4 = β3/3, c3 = β2−β4/(3κ), c2 = β1−β3/κ , c1 = β0/3−β2/κ ,
c0 = β1/(3κ), D = 1/(3m
2), D = 1/(3m2κ). This equation can be seen as an alge-
braic equation in b and, therefore, it can be solved to obtain b(a) at least in principle.
2 The use of the generalized Gordon ansatz implies that we only consider the branch of the Bianchi-
inspired constraint given by equation (20). However, it should be noted that there is a second branch that
leads to solutions whose scale factors are proportional to a(t) and b(t) (with fixed constant of proportion-
ality) [17]. As pointed out in reference [14], restriction to the second branch implies the elimination of
all nontrivial interaction terms, i.e., those which are not equivalent to a cosmological constant. Moreover,
cosmological solutions of this branch have a nonlinear instability [57].
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Solutions for the case in which the second universe is empty are generically easier to
obtain, as one can define the quantity Γ = b/a as in reference [17] and then equation
(22) becomes a quartic equation in Γ (it could even be simpler for models in which
some parameters βi vanish [17]). Once one obtains b(a) from equation (22), it can
be substituted in the Friedmann equation to study the dynamics of the universe by
integrating a(t).
2.2 The point-like Lagrangian
In the previous subsection, we have written the general equations for the dynamics
of the metrics, that is the modified Einstein equations. Then we have restricted our
attention to solutions described by two FLRW geometries. Nevertheless, one could
have also studied the problem considering a point-like Lagrangian, which leads to
dynamics in a minisuperspace. To obtain such a point-like Lagrangian, one has to
substitute the cosmological metrics given by equations (13) and (14) in action (3).
Therefore, by replacing the expressions (15) in the interaction term of the Lagrangian
(3) and integrating by parts the Einstein-Hilbert Lagrangian of action (3), one gets the
following point-like Lagrangian:
L = Na3
[
−3M2P
a˙2
N2a2
+ 3M2P
k
a2
−ρbg(b/a)−ρm(a)
]
+ Nb3
[
−3κM2P
b˙2
N
2
b2
+ 3κM2P
k
b2
−ρbg(a/b)−ρm(b)
]
, (23)
with ρbg(b/a) and ρbg(a/b) have been defined in equations (18) and (19), respec-
tively. This is the same Lagrangian as that presented in reference [15], but we have
split the interaction term in ρbg(b/a) and ρbg(a/b) for convenience. It must be noted
that the Lagrangian (23) is defined in the tangent space,T Q≡{N, N˙, N, N˙, a, a˙, b, b˙},
coming from the configuration space Q ≡ {N, N, a, b}.
Varying the Lagrangian (23) with respect to N and N, we obtain the modified
Friedmann equations which are equations (16) and (17), respectively. Now, the vari-
ation with respect to the scale factor a leads to
− 1
M2P
(
ρbg+
a
3
ρ ′bg+
1
3
b3
a2
N
N
ρ ′bg+ρm+
a
3
ρ ′m
)
=−21
a
d2a
dt2ca
−
[
1
a
da
dtca
]2
− k
a2
,(24)
with dtca ≡ N dt and ′ ≡ ∂/∂a. The conservation equation can be written as ρm +
a
3
ρ ′m =−pm. Therefore, if the interaction term vanishes (for m2 = 0), the acceleration
equation (24) will be equivalent to considering the derivative of Friedmann equation
and the conservation of the fluid, as in usual GR; i.e. the standard Raychaudhuri
equation. By similarity to what happens in GR, we can define an effective pressure,
pbg, as follows
pbg =−
(
ρbg+
a
3
ρ ′bg+
1
3
b3
a2
N
N
ρ ′bg
)
. (25)
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Combining the derivative of the Friedmann equation (16) with equation (24), one
obtains
N
N
=
a˙
b˙
, (26)
which is exactly the Bianchi-inspired constraint (20). Therefore, this procedure is
equivalent to that presented in the previous subsection.
Nevertheless, it can be noted that the determinant of the Hessian3 of the La-
grangian (23) vanishes and, therefore, the Lagrangian is degenerate [43] in the tan-
gent space T Q ≡ {N, N˙, N, N˙, a, a˙, b, b˙}. This fact can be problematic when ap-
plying certain procedures, as the Noether Symmetry Approach or the quantization of
the corresponding Hamiltonian. Therefore, one can interpret the fact that the Bianchi
inspired constraint (20) is obtained by deriving the equations of motion and requir-
ing their compatibility, as being a consequence of the large number of equations of
motion provided by an initial degenerate Lagrangian. The information is there, but
it is redundant. As we will see in the next section, one can define a non-degenerate
Lagrangian containing the information encoded in equation (20) from the beginning.
2.3 Non-degenerate point-like Lagrangian
The Lagrangian (23) is degenerate because it is independent of N˙ and N˙. Therefore,
to find a non-degenerate point-like Lagrangian we need to remove the dependence on
the non-dynamical variables N and N in L . In the first place, we note that we can
use the temporal gauge of freedom to fix N = 1 without loss of generality; then the
cosmic time of the g-universe will be t. As in this theory we have only one global
invariance under changes of coordinates, this choice already fixes the temporal gauge
freedom and, therefore, we cannot freely choose N. Indeed, we already know that N
has to be given by equation (20). Therefore, we take
N = 1, N =
b˙
a˙
, (27)
in the Lagrangian (23) to obtain4
L = −[3M2P a a˙2− 3M2Pk a+ a3ρbg(b/a)+ a3ρm(a)]
−
[
3κM2P b a˙ b˙− 3κM2Pk b
b˙
a˙
+ b3
b˙
a˙
ρbg(a/b)+ b
3 b˙
a˙
ρm(b)
]
. (28)
It has to be emphasized that this Lagrangian is not symmetric under inter-change
of the g-universe and f -universe, as it has been the case until fixing the gauge of
freedom. The reason is that the gauge fixing (27) breaks the symmetry between both
gravitational sectors, so L is not invariant under the inter-change b↔ a. In particular,
we are choosing to express the physics in terms of our cosmic time. As it is suggested
3 The Hessian of the Lagrangian is defined as Hi j = ∂
2L /(∂ q˙i∂ q˙ j).
4 Although, as we have discussed in the previous section, the information of the Bianchi-inspired con-
straint was already included in the Lagrangian (23), by considering the equations (27), we remove redun-
dant information and with it the degeneracy of the Lagrangian.
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in the appendix A, a symmetry breaking gauge fixing seems to be necessary to obtain
a non-degenerate Lagrangian.
In order to check that the Lagrangian (28) describes the same physical situation
as (23), one should obtain the same information; i.e. dynamical evolution, as in the
previous section. In fact, varying the Lagrangian with respect to b and after some
simplifications, one obtains(
a˙
b
)2
+
k
b2
=
1
3κM2P
[
ρbg(a/b)+ρm(b)
]
. (29)
This is just the Friedmann equation of the second universe, equation (17), with H f
written in terms of a˙ through equation (27). Moreover, varying with respect to a,
simplifying, substituting equation (29) when needed, and simplifying again, one gets
2
a¨
a
+
(
a˙
a
)2
+
k
a2
=− 1
M2P
[
pm(a)+ pbg(b/a)
]
, (30)
with pbg given by equation (25), which is equation (24). Thus, the system of equations
is equivalent to that obtained from the Lagrangian (23).
On the other hand, as the non-degenerate point-like Lagrangian has no explicit
dependence on t, the energy is conserved. That is
EL =
∂L
∂ a˙
a˙+
∂L
∂ b˙
b˙−L
= −3M2Pa3
[
a˙2
a2
+
k
a2
− ρbg+ρm
3M2P
]
− 3κM2Pb3
b˙
a˙
[
a˙2
b2
+
k
b2
− ρbg+ρm
3κM2P
]
= 0, (31)
where we know that this function vanishes for compatibility with the Friedmann
equation. Moreover, the Hamiltonian function of the system can be obtained from
the energy (31) when re-expressing the “velocities” in terms of the momenta; there-
fore, it has to vanish due to the diffeomorphism invariance. Furthermore, although
equation (31) could suggest that the energy of each universe is conserved separately,
this is not the case because writing EL = EL1 +EL2 , EL1 cannot be obtained using
only L1 (it has contributions from L2), and vice versa. Anyway, it is important to
emphasize that the consideration of the equation implied by EL = 0 is equivalent to
one of the equations of motion of the system, and it would be easier to calculate in
general.
3 Bigravity cosmologies with a Noether symmetry
As we have discussed in the introduction, the dynamics of our Universe in bigravity
is determined not only by the material content minimally coupled to our gravitational
sector but also by the material content minimally coupled to the other sector. As that
set of matter fields cannot be measured in a direct way, it seems that any cosmolog-
ical dynamics could be described by fine-tuning it. Therefore, the theory would loss
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some predictive power if the nature of the “hidden” matter content cannot be fixed by
fundamental principles. We assume that such a fundamental principle is the existence
of an additional Noether symmetry for cosmological solutions. We consider that this
assumption is more robust than assuming an empty second gravitational sector from
the beginning. The existence of symmetries commonly simplifies the treatment of
physical problems. As we will show, however, our universe cannot have a Noether
symmetry during its whole evolution, but it can tend to a state where this symmetry
is present and the kind of material content is, therefore, fixed. The phenomenological
interest of the solutions obtained are, at the end of the day, the stronger indication in
favor of the considered assumption.
In this section, we review the Noether Symmetry Approach formalism in sub-
section 3.1, we apply this formalism to general bigravity cosmological solutions in
subsection 3.2, and, we particularize the study considering a specific kind of material
content minimally coupled to our sector in subsection 3.3 extracting the particular
solutions.
3.1 The Noether Symmetry Approach
The motivation behind the use of the Noether Symmetry Approach in cosmology is
to select a particular modified gravity model from the general class of theories con-
sidered and to find exact cosmological solutions for those model. From a classical
point of view, the selected model may be interpreted as being favored against other
Lagrangians since it has an additional symmetry [43]. This interpretation entails, of
course, the underlying assumption that the most suitable theory of the family of the-
ories is that implying the existence of more symmetries. On the other hand, from a
quantum point of view, the presence of Noether symmetries allows to select observ-
able universes by the Hartle criterion, since the absence of Noether symmetries gives
rise to non-correlated variables and then to non-observable universes [47] .
In order to apply the Noether Symmetry Approach, one needs a non-degenerate
point-like Lagrangian L (qi, q˙i) which is independent of time. Then, one supposes
the existence of a Noether symmetry, which implies that [43]
LXL (qi, q˙i) = 0, (32)
where X is a vector field defined on the tangent space T Q ≡ {qi, q˙i}, that is
X = ξ i(qi)
∂
∂qi
+ ξ˙ i(qi)
∂
∂ q˙i
, (33)
and LX is the Lie derivative along the direction X . Equation (32) gives rise to a sys-
tem of partial differential equations whose solution is not unique. The solutions of
equation (32) fix the vector components ξ i(qi) (and consequently ξ˙ i(qi) and the sym-
metry) and the functional form of the Lagrangian L (qi, q˙i), that is the couplings and
potentials (see [43] for details). Besides, the Lagrangian, and then the dynamics, are
associated to a conserved quantity Σ0 that can be used to integrate the equations of
motion, being
d
dt
(
ξ i
∂L
∂ q˙i
)
= LXL , (34)
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and then
Σ0 = ξ
i ∂L
∂ q˙i
, (35)
as a consequence of LXL = 0. It should be emphasized that in this approach one
starts considering the existence of an arbitrary Noether symmetry (37), and the par-
ticular form of this symmetry is obtained once one imposes LXL = 0 for a particular
class of Lagrangians. Furthermore, the energy function
EL (qi, q˙i) =
∂L
∂ q˙i
q˙i−L , (36)
is conserved as well. The right hand side of equation (36) corresponds to the Hamilto-
nian of the system,H , and given that ∂H /∂ t =-∂L /∂ t, it follows immediately that
EL is conserved, whenever L does not depend on time. Therefore, the use of this
equation further simplifies the problem and analytic solutions can be easily found.
This approach has been used several times in cosmology giving exact solutions of
physical interest (see for example [49,50,51,48]). Although in most cases the partic-
ular symmetry has not a clear physical interpretation, it can select a model from the
corresponding family of theories.
3.2 Noether symmetries for bigravity cosmology
Now that we have a point-like Lagrangian that is non-degenerate, we can look for
the potential existence of Noether symmetries. Taking into account equation (33), a
general vector field on T Q ≡ {a, a˙,b, b˙} can be expressed as
X = ξ (a,b)
∂
∂a
+η(a,b)
∂
∂b
+
dξ (a,b)
dt
∂
∂ a˙
+
dη(a,b)
dt
∂
∂ b˙
. (37)
The point-like Lagrangian (28) has a Noether symmetry if the condition (32) is sat-
isfied for the vector field (37). The Noether symmetry is at this point arbitrary, it will
be fixed when ξ (a,b) and η(a,b) will be specified.
It can be shown that5 the two components of the vector X reads
ξ (a,b) = ξ0a+φ ,
η(a,b) = − 3
2κ
ξ0
a2
b
− φ
κ
a
b
+
δ
b
− ξ0
2
b, (38)
where ξ0, φ , δ are constants. The functions ξ (a,b) and η(a,b) must as well fullfill
the conditions (95) and (97) given in the Appendix B. Those two equations will fix
the matter content B(b) = b3ρ¯m(b) for a given matter content A(a) = a
3ρm(a).
5 We refer to the appendix B for the mathematical details.
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3.3 Solutions compatible with matter in our universe
Let us now take into account that in our universe there is only matter (dust) and
radiation. That is
A(a) = A0+
A1
a
. (39)
Therefore, we want to find which material content should be present in the other
universe, B(b), to have a Noether symmetry for the biuniversal dynamics, given by
equations (37) and (102) (cf. Appendix B). Hence, we look for functionsB(b) that are
solutions of both equations (95) and (97), once expressions (39) and (102) have been
introduced in these equations. The solutions that we present in the following discus-
sion also restrict some of the βi parameters and the function A(a) given by equation
(39). Restriction of the βi parameters means that only some of the ghost-free theories
will be able to have a Noether symmetry for cosmological solutions, whereas further
restriction of A(a) implies that not all the matter and radiation contents are compati-
ble with the existence of this symmetry. In particular, as we will show, compatibility
of the system of differential equations requires A1 = 0; therefore, a universe with a
non-vanishing radiation contribution cannot have a Noether symmetry. However, as
we will discuss in detail, a universe like ours that contains radiation can tend to a
state with a Noether symmetry when the radiation component is sufficiently diluted.
As we will show, this final state is of particular phenomenological interest.
3.3.1 General Relativity with a cosmological constant
The first solution is given by
ξ0 = 0, A1 = 0, β0 = β1 = β2 = β3 = 0. (40)
So the only non-vanishing parameter in the interaction Lagrangian is β4, implying
that interaction between both sectors reduces to a cosmological constant in the second
universe. That is
ρbg(a/b) = 0, ρbg(b/a) = m
2β4. (41)
In this case, the dynamics of both universes is decoupled and have the same spatial
geometry, i.e. the same value of k (which is arbitrary). The second universe is empty,
since equations (95) and (97) (cf. Appendix B) imply that the cosmological constant
appearing in the geometric term cancel the contribution coming form B(b) as
B(b) =−b3m2β4⇒ ρm(b) =−m2β4. (42)
Moreover, one can substitute the parameters in equations (40) and (42) into equa-
tion (22) to study the solution of this system. This leads to
ρm(a)
b
a
= 0. (43)
As ρm = A0/a
3, this implies that b = 0 if A0 6= 0. Assuming that this condition is
preserved in time, one has b˙ = 0 that implies N = 0 and, therefore, there is no second
gravitational sector. In this case, there is only one gravitational sector filled with
14 Mariam Bouhmadi-Lo´pez et al.
dust matter and, therefore, there is no bigravity solutions for this model. If one had
A0 = 0 instead of b= 0, then the cosmologicalmodel with a Noether symmetry would
correspond to a general relativistic model that is empty. Our Universe could tend to
that state when the matter is infinitely diluted by the expansion.
3.3.2 Putative bigravity solution
The second solution for the system (95) and (97) (please cf. Appendix B) is given by
ξ0 = 0, A1 = 0, β1 = β3 = 0, β0 =
3
κ
β2, δ = 0. (44)
In this case, the interaction between both gravitational sectors is not equivalent to a
cosmological constant, since β2 6= 0. Indeed one has a non-trivial interaction affecting
the dynamics of our universe, which is given by
ρbg = 3β2m
2
(
1
κ
+
b2
a2
)
. (45)
That is, a cosmological constant component plus a purely bimetric term. It must be
noted that the solution requires A1 = 0, that is, there is no radiation in this universe.
Our Universe contains, of course, relativistic matter, so this result could seem in-
compatible with the existence of a Noether symmetry in physical interesting situa-
tions. Nevertheless, it can be noted that the state with a Noether symmetry can be
approached when the radiation component is diluted. So the universe could be in a
state with a Noether symmetry in its asymptotic past or future; i.e. during a “pre-
inflationary” phase to be followed by a standard inflationary era or at the very late-
time dark energy era. In both situations, the radiation contribution can be negligible
as compared with the material content. Moreover, this solution is a solution valid for
any k.
In the other universe, the material content compatible with the existence of a
Noether symmetry is
ρm = m
2 (3κβ2−β4) . (46)
Therefore, the other universe only contains vacuum energy when it is in the state
with a Noether symmetry6, this corresponds to ε 6= 0 in action (1) but ρm leading
to a cosmological constant contribution. Hence, the solution for this particular model
corresponds to the “minimal model” discussed in [17] plus an explicitly cosmological
constant contribution. This model was called minimal in reference [17] because, as
β1 = β3 = 0, the only nonlinear interaction term in both universes is the quadratic
term (it should not be confused with the minimal model introduced in reference [21]).
In this case one has that some coefficients appearing in equation (22) are fixed, c0 =
c2 = c4 = 0. Furthermore, in our model β0 and β2 are not independent and, therefore,
one additionally has c1 = 0.
6 One could be surprised about this non-symmetric result for the matter content given the symmetry of
the original interaction term. Nevertheless, in order to obtain a non-degenerate and nontrivial Lagrangian
we have shown that the original symmetry should be broken in order to obtain a dynamical evolution.
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It is particularly simple to obtain the analytic solution using equation (22) and we
do not need to use the Noether symmetry to find out the exact solution, as in other
alternative theories of gravity. [43,46,47]. Substituting these values of the parameters
and equation (46) in equation (22), it can be seen that the solutions for this model are
given by
ρm
b
a
= 0. (47)
As in the previous case, if we take ρm = A0/a
3 6= 0, then we will have b = 0. Thus,
assuming b˙ = 0, one can conclude that this model is not compatible with having
a second gravitational sector. On the other hand, if one insists in considering b 6=
0 to have a bigravity model, then our Universe will restore a state with a Noether
symmetry when the matter component is infinitely diluted, that is A0 = 0. In this case,
however, b(t) is left undetermined by the Friedmann equations; so a(t) will depend
on an undetermined function and we will not be able to conclude anything about
the dynamics of our Universe (at least without assuming a form for b(t)). Therefore,
requiring the existence of a Noether symmetry leads either to a general relativistic
world with a cosmological constant term (fixed by β2), which is suitable to describe
the current acceleration of our universe, or to an empty model whose dynamics cannot
be determined.
3.3.3 Bigravity solution I
The last set of solutions of the system (95) and (97) (cf. Appendix B) is
φ = 0, A1 = 0, β1 = β3 = k = 0, β0 =
6
κ
β2, δ = 0, (48)
which leads to a non-trivial interaction given by
ρbg(b/a) = 3β2m
2
(
2
κ
+
b2
a2
)
. (49)
The content of the other universe is expressed as
ρm =−m2β4, (50)
therefore, we have again ε 6= 0 in action (1) but ρm is equivalent to a cosmological
constant contribution. As in the previous case, given the simplicity of the model cor-
responding to the parameters (48) and (50), we can easily solve equation (22) even
before calculating the Noether symmetry and conserved quantity. Taking into account
(48) and (50) in equation (22), we obtain
(
b
a
)2
=− ρm(a)
3m2β2
− 1
κ
. (51)
Hence, on the one hand, in order to have a real function b, one needs to consider
β2 < 0 and/or κ < 0. On the other hand, considering equation (51) in the Friedmann
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equation (16), or equivalently in equation (21), with the definitions (18) and (19), one
obtains
H2g =
m2β2
κM2P
. (52)
This implies that κ and β2 should have the same sign. Therefore, both parameters
should be negative. From equations (51) and (52) it can be seen that, in this case,
both a and b can be well defined. (Some comments regarding the physics of the
other universe are included in section 4.) Defining M2P2 = −κM2P > 0 and integrating
equation (52), we obtain
a(t) = a0 exp
(
m
√
|β2|/M2P2t
)
, (53)
So, even if we have considered the presence of matter in this universe (A0 6= 0), the
evolution given by equation (53) is exactly de Sitter. The scale factor (53) can be
re-written as
a(t) = a0 exp
(√
Λeff/3t
)
, Λeff = 3m
2 |β2|
M2P2
. (54)
Therefore, the effective cosmological constant which appears in equation (54), is
different from the cosmological constant induced by the interaction term (18), which
is Λg = m
2β0. Indeed, one has
Λeff =
Λg
2M2P
, (55)
where in the case that one considers an explicit cosmological constantΛ in the action,
the term Λg has to be replaced by Λg−Λ .
On the other hand, the components of the Noether vector field (37) assume the
explicit forms
ξ (a) = ξ0 a, η(a, b) =
3M2P
2M2P2
ξ0
a2
b
− ξ0
2
b . (56)
Following the considerations in reference [43], the Noether vector field can be written
in a simplified form as
X˜ =
∂
∂v
, (57)
by defining a new par of variables {u, v} such that v is cyclic; i.e. the Lagrangian can
be recast in a form such that L˜ (u, u˙, v˙). This change of variables is always possible
since there is a Noether symmetry and the condition (35) is satisfied. The change of
variables can be realized assuming a regular transformation u= u(a,b) and v= v(a,b)
where the Jacobian of the transformation is different from zero. Thus, we have
ξ (a)
∂u
∂a
+η(a, b)
∂u
∂b
= 0, ξ (a)
∂v
∂a
+η(a, b)
∂v
∂b
= 1, (58)
and we can obtain
u(a, b) = u0 a
(
b2− M
2
P
M2P2
a2
)
, v(a, b) =
1
ξ0
ln(a)+ v0a
(
b2− M
2
P
M2P2
a2
)
, (59)
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where u0 and v0 are integration constants. Reverting (59) and assuming, without loss
of generality, v0 = u0 = ξ0 = 1, we obtain
a = exp(v− u) , b =
√
uexp(u− v)+ M
2
P
M2P2
exp [2(v− u)]. (60)
The Lagrangian, in terms of these new variables, assume the form L˜ (u, u˙, v˙) where
the new variable v is cyclic. From equation (57), the constant of motion can be ex-
pressed as
Σ0 =
∂L˜
∂ v˙
, (61)
which is the same as that defined in equation (35) but expressed in the new variables.
This quantity can be rewritten in terms of the scale factor of both universes as
Σ0 = 3M
2
P2
ab b˙− 3
2
[
M2P2b
2+M2Pa
2
]
+ 3β2m
2 a
3b b˙
a˙2
− 3β2m
2
2
a2
a˙
(
3
M2P
M2P2
a2− b2
)
. (62)
The fact that this quantity is conserved can be used to integrate the equations of
motion. In our case, however, they were easy to integrate so one could check that Σ0
is indeed conserved using the solutions. Taking into account the equations (53) and
(60), equation (62) simplifies to
Σ0 =− A0MP2
m |β2|1/2
=−A0
m
√
3/Λeff. (63)
Therefore, the conserved quantity associated to the Noether symmetry fixes the value
of the effective cosmological constant Λeff. The existence of a Noether symmetry
for this solutions implies that the model evolves exactly as a de Sitter space even
when matter has not been completely diluted. It has to be emphasized that, of course,
our Universe contains both matter and radiation. However, we consider that it could
approach the state with a Noether symmetry when the radiation component is com-
pletely negligible as compared with the matter component. In particular, it tends to a
state where the effect of matter in the dynamics is negligible even before Ωm is small
enough to assume that the material content is diluted.
3.3.4 Bigravity solution II
The last set of solutions of the system (95) and (97) is given by
φ = 0, A1 = 0, β1 = β3 = 0, β0 =
β2
κ
, k =
2β2m
2δ
M2P ξ0
. (64)
For this case, the interaction term in our universe has the same form as the one given
in equation (49), that is
ρbg(b/a) = 3β2m
2
(
2
κ
+
b2
a2
)
, (65)
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but now the material content of the other universe is
ρm(b) =−m2β4+
6κm2β2δ
ξ0
b−2, (66)
which is equivalent to consider a cosmological constant contribution plus a spatial
curvature contribution. Therefore, from equation (22), we get (considering A0 posi-
tive, see Eq. (3.22))
b =
√
2δ
ξ0
− A0
3m2β2
1
a
− 1
κ
a2, (67)
which can be introduced in the Friedmann equation (16) to obtain
H2g =
β2m
2
κM2P
. (68)
Assuming that the state with a Noether symmetry is approached at later times in our
universe, that is for large a, and taking into account equation (67) and (68) one needs
to consider negative values7 of β2 and κ , and one can define again M
2
P2
=−κM2p. As
in the previous case, we obtain
a(t) = a0 exp
(√
Λeff/3t
)
, Λeff = 3m
2 |β2|
M2P2
, (69)
although in this case this accelerating universe could have a non-vanishing spatial
curvature as shown in equation (64), its contribution to the dynamics is cancelled by
the interaction term.
In this case, the vector field associated with the Noether symmetry, is given by
ξ (a) = ξ0a, η(a, b) =−ξ0
2
b+
3M2Pξ0
2M2P2
a2
b
+
δ
b
. (70)
For the the cyclic variable, one can again perform the transformation {a,b}→ {u,v}
obtaining
u(a, b) = u0 a
(
b2− M
2
P
M2P2
a2− 2δ
ξ0
)
, (71)
v(a, b) =
1
ξ0
ln(a)+ v0a
(
b2− M
2
P
M2P2
a2− 2δ
ξ0
)
, (72)
7 In this case one could also have well-defined solutions for positive values of β2 and κ by restricting
attention to small values of the scale factor a. We are interested, however, in the situation in which the
solution having a Noether symmetry is approached at late-time. Notice that a positive value of β would
imply a minimum value for the scale factor which would lead to an avoidance of the Big Bang singularity
in our universe. Nevertheless, as we said before, we are mainly interested on the late-time behavior of the
universe.
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where u0 and v0 are integration constants. Assuming v0 = u0 = ξ0 = 1 in (71), one
obtains
a = exp(v− u) , b =
√
uexp(u− v)+ M
2
P
M2P2
exp [2(v− u)]+ 2δ . (73)
Expressing the point-like Lagrangian in terms of u(a, b) and v(a, b), it can be checked
that v is the cyclic variable. As above, there is a conserved quantity which, taking into
account the solutions (67) and (91) (cf. Appendix B), reduces to
Σ0 =− A0MP2
m |β2|1/2
=−A0
m
√
3/Λeff. (74)
As in the previous case the conserved quantity associated to the Noether symmetry
fixes the value of the effective cosmological constant Λeff.
4 The physics of the other universe
Before discussing the physics of the second universe, it should be emphasized that
the biuniversal interpretation of solutions of bigravity theory is mainly based on con-
sidering this theory as a fundamental representation of reality. We consider this inter-
pretation following the spirit of the weakly coupled worlds of reference [2]. However,
if one considers bigravity as an effective description of the physics of our universe
at a given range of energies instead, then it would not make any sense to refer to the
physics of the other universe. In this section, we will investigate the the physics of
the other universe as a physical realizable world. We will first discuss some potential
issues of the bigravity models obtained in the previous section in subsection 4.1 and
study the cosmological evolution of both models in subsections 4.2 and 4.3.
4.1 Potential issues
The bigravity solutions with a Noether symmetry obtained in 3.3.3 and 3.3.4 require
that the gravitational coupling for each universe is given by
Gg =
1
8piM2P
, G f =− 1
8piM2P2
, (75)
respectively. Therefore, whereas the gravitational coupling is positive in our universe,
it is negative in the other universe. So the stability of these models should be consid-
ered in further detail; in particular, the potential existence of a spin-2 ghost.
On the other hand, when the bi-universe has reached the state with a Noether
symmetry studied in the previous section, it would not be any material content in the
second universe to feel this anti-gravitational field. Nevertheless, we consider that
some material content was present in earlier cosmological phases, but it has been di-
luted by the cosmic expansion. This matter would follow geodesics of the metric fµν ,
since the matter fields are minimally coupled to this metric. Nevertheless, the way in
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which the material content (together with the coupling between both gravitational
sectors) would curve the geometry is “the contrary” than in our universe, that is
Gµ ν = 8piGg
(
T (m)µ ν +T
µ
ν
)
, (76)
G
µ
ν = −8pi |G f |
(
T
(m)µ
ν +T
µ
ν
)
. (77)
Therefore, it seems that in the second universe there would be a repulsive gravita-
tional field, but all particles would fall the same way in this field in agreement with
the equivalence principle. It is worth noticing that the (−) sign in front of T (m)µ ν can
be eliminated by explicitly re-introducing the parameter ε of equation (1) on the last
term of the action (3), where ε = −1. In such a way, the symmetry between the two
universes is fully restored.
4.2 Cosmological evolution of the first bigravity model
The cosmological evolution of the second universe described by the first solution,
solution 3.3.3, can be obtained by taking into account equations (51) and (53). This
is
b(t) = b0 exp(α t)
√
1+ γ exp(−3α t), (78)
where
b0 = a0
MP
MP2
, α =
m |β2|1/2
MP2
, γ =
A0
3M2Pα
2a30
. (79)
The scale factor (78) can be written in terms of the cosmic time of the second uni-
verse, τ , to be suitably interpreted. This cosmic time is given by
τ =
∫
Ndt =
∫
b˙
a˙
dt. (80)
Deriving equations (53) and (54), and then integrating (80), this cosmic time is
τ = τ0
{
3αt +
√
1+ γ e−3αt + 2ln
(
1+
√
1+ γ e−3αt
)
+C
}
, (81)
where
τ0 =
b0MP2
3a0m |β2|1/2
, (82)
andC is an integration constant which can be chosen to impose some origin between
both times (as τ(0) = 0). Although a complete analytic expression of b(τ) cannot be
easily obtained from equations (78) and (81), for large t one has
b≈ b0 exp


√
Λ eff
3
(τ− τ∗)

 , (83)
where
Λ eff =
3m2 |β2|
M2P
, (84)
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Taking into account equation (54), this effective cosmological constant can be written
as
Λ eff =
M2P2
M2P
Λeff, (85)
and
τ∗ =
1√
3Λ eff
[√
1+ γ + 2ln
(
1+
√
1+ γ
)
+C
]
. (86)
Therefore, although the evolution of the second universe is not exactly de Sitter, it
will approach a de Sitter behaviour asymptotically.
4.3 Cosmological evolution of the second bigravity model
For the second solution presented in 3.3.4, taking into account equations (67) and
(91) (cf. Appendix B), one has
b(t) =
√
b1 exp(2αt)+ b2 exp(−αt)+ 2ξ0, (87)
with
b1 = a
2
0
M2P
M2P2
, b2 =
A0
3|β2|m2a0 , α =
m|β2|1/2
MP2
. (88)
Although we have not being able to obtain an analytic expression for τ(t) in this case,
it can be noted that the first term in equation (87) dominates for large t. Therefore, the
late time behaviour is similar to that obtained in the previous section; i.e. the second
universe will be again asymptotically de Sitter in the future.
5 Discussion and Conclusions
Bigravity theories are those theories of gravitation where two dynamical and mutu-
ally interacting metrics are considered. They represent a natural approach to avoid
background dependence and ghosts in massive gravity and in other fundamental the-
ories of gravitational interaction. In this framework, when two sets of matter fields
minimally coupled to each metric are considered, one can interpret this scenario as
two classical universes that are interacting only through their gravitational sectors if
bigravity is considered a fundamental description of reality. Anyway, as the matter
content of the second sector cannot be measured in a direct way, the dynamics of our
Universe seems to be determined by some unobservable (and, therefore, arbitrary)
quantity.
In this paper we have assumed that the material content minimally coupled to
the second sector is not arbitrary, but it has to be such that the bigravity cosmology
has a Noether symmetry. Under this assumption we have obtained four particular
cosmological models. In the first model the two sectors decoupled and the theory
describing our universe is equivalent to GR with a cosmological constant. Although
the second model seems a genuine bigravity model at first sight, we have shown
that it also reduces to GR when we take into account that our Universe is not empty.
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Therefore, these two models point out to the fact that we have an additional symmetry
in GR as compared to bigravity, at least in cosmological scenarios. In the third place,
we have also obtained two genuine bigravity models with a Noether symmetry, both
leading to an exact de Sitter evolution for our Universe even if there is dust matter
minimally coupled to our gravitational sector. The conserved quantity associated to
the Noether symmetry provides us with the effective cosmological constant of this
de Sitter evolution. The Noether symmetry, therefore, enforces a de Sitter evolution,
which is of special phenomenological interest to describe the late-time accelerated
cosmological expansion. It should be noted that we are not stating that all de Sitter
solutions are compatible with a Noether symmetry, but only the particular solutions
presented in the paper for the very particular bigravity models obtained.
Regarding the genuine bigravity models some relevant issues should be empha-
sized. We have obtained that the existence of non-vanishing radiation minimally cou-
pled to our gravitational sector is incompatible with a Noether symmetry. This fact
may be taken against the consideration of Noether symmetries as a fundamental cri-
terium to select the cosmological evolution, as our real universe contents radiation.
Nevertheless, we interpret the absence of radiation in the Noether symmetric solu-
tions as indicating that the Noether symmetric state is approached with time. That is,
our universe will approach a de Sitter state with a Noether symmetry when the radi-
ation component is infinitely diluted. On the other hand, the gravitational couplings
of both sectors have different signs. This different sign, which may lead to potential
instabilities, could imply the existence of anti-gravitational effects in the other sector,
when it is interpreted as a second weakly coupled universe. If those instabilities are
confirmed by a more careful analysis, the existence of a Noether symmetry would
signal the need of decoupling both gravitational sectors and, therefore, support GR
as the most consistent theory of gravity at a fundamental level.
Taking into account the bigravity cosmological models already studied in the lit-
erature, it can be noted that both our bigravity cosmologies require β1 = β3 = 0. This
model has been studied in detail in reference [17] assuming an empty second grav-
itational sector. It was shown that the model was equivalent to GR with a rescaled
Planck mass appearing in the modified Friedmann equation multiplying the energy
density and a shifted cosmological constant. However, in our bigravity models we
consider the existence of matter in the second gravitational sector. This matter con-
tent just produces additional constant terms in the numerator and denominator of the
rescaled Planck mass when it has a constant energy density (with an additional contri-
bution proportional to k/b2 if k 6= 0). The value of that constant terms are fixed in our
particular models in such a way that the rescaling factor vanishes. Hence, the matter
minimally coupled to our sector does not contribute to the dynamics of our universe
and so we have obtained an exact de Sitter evolution for both models even if there is
matter present. The states with enhanced symmetry are, therefore, not only equivalent
to a GR solution, but they are just a de Sitter space with the rescaled vacuum energy
given by the conserved quantity.
Furthermore, it can be noted that our solutions have some resemblance to the
partially massless model [58], since β1 = β3 = 0 and β0 ∝ β2. However, they do not
coincide because, on one hand, in our case β4 is not fixed and, on the other hand, we
restrict the possible matter content. Hence, our models are more general and more
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restrictive at the same time. However, it is interesting to note the overlapping in the
parameter space of both models which have enhanced symmetries.
It should be noted that our application of the Noether Symmetry Approach to
bigravity is different of the use of this approach in other alternative theories of grav-
ity. Here we have adopted another strategy. Instead of determining the form of the
point-like Lagrangian and then searching for exact solutions by the Noether Symme-
try Approach, we have determined the matter content and the evolution of the two
interacting universes asking for the existence of the Noether symmetry. A further in-
teresting point about Noether symmetry in bigravity models is that whenever there
are two universes the model is free from singularities. In other words, the presence of
symmetries seems to remove singularities.
The role of Noether symmetries in the quantum framework has been discussed in
reference [47]. Considering the wave function of the universe in quantum cosmology,
the Hartle criterion suggests that peaks of the wave function of the universe imply
the existence of correlations among the geometrical and matter degrees of freedom
and, therefore, the emergence of classical trajectories (i.e. universes). As it has been
proven in [47], for some theories of gravity the wave function is picked along the
trajectories with Noether symmetries, the absence of Noether symmetries gives rise
to non-correlated variables and then to non-observable universes.
In future projects, we will consider the stability of the obtained bigravity models
as well as the possible observational signatures of consistent models that approach the
cosmological state with a Noether symmetry. Moreover, we will also investigate the
quantum cosmology of the present model following, for example, the approach used
in reference [59] within a Palatini type of theory that can be regarded as a bimetric
scenario.
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A Symmetric gauge fixing
When looking for a non-degenerate Lagrangian, we could have chosen to fix the gauge in Lagrangian (23)
without breaking the symmetry under inter-change of both sectors. The simplest gauge fixing in agreement
with equation (20) is
N = a˙, and N = b˙. (89)
In this case the point-like Lagrangian is
L = −[3M2P aa˙ (1− k)+a3 a˙ρbg(b/a)+a3 a˙ρm(a)]
−
[
3M2f bb˙ (1− k)+b3 b˙ρbg(a/b)+b3b˙ρm(b)
]
, (90)
where all terms are linear either in a˙ or in b˙. Due to this linearity, the determinant of the Hessian of this
Lagrangian vanishes and, therefore, it is degenerate.
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If one insists in studying the dynamics of this degenerate Lagrangian with non redundant degrees of
freedom, the equations of motion of this Lagrangian can be obtained by considering the variation with
respect to a and the variation with respect to b. It can be seen that both cases lead to
ρ ′bg(a/b) =
a3
b3
ρsbg(b/a), (91)
which is not a dynamical equation. Moreover, equation (91) is simply an identity satisfied by the effective
energy densities, which are given by (18) and (19). On the other hand, as all the terms in the Lagrangian
(90) are linear either in a˙ or in b˙, the energy function (36) is exactly zero and, therefore, the constraint
provided by requiring a constant energy is also trivially satisfied.
In summary, by fixing a gauge leading to a symmetric point-like Lagrangian, we have obtained a
trivial Lagrangian which does not generate any dynamical equation. It should be noted that the physical
properties of the system cannot change, of course, by a gauge fixing. The Lagrangian (90) does not imply
physical characteristics different from those described by The Lagrangian (23), it simply does not provide
us with any information about the system because it is degenerate even if we have removed the redundant
variables of the phase space. Hence, the choice (89) is a bad gauge choice that renders the Lagrangian
trivial.
B Noether symmetries for bigravity in FLRW Universes: general matter
content
We next explain how the the vector field X defined in Eq. (37) that define the Noether Symmetry can de ob-
tained. First of all by applying the condition (32) to the point-like Lagrangian (28), one obtains an expres-
sion depending on ξ (a,b) and η(a,b) and their derivatives that has to vanish, that is LXL (a, b, a˙, b˙) = 0.
Imposing that the coefficients of the terms a˙2, b˙2, a˙b˙, b˙/a˙, b˙2/a˙2 and b˙0/a˙0 appearing in this expression all
vanish, we obtain a system of differential equations for ξ (a,b) and η(a,b) (see reference [43] for details).
These are:
ξ +2aξ ′+κ bη ′ = 0, (92)
ξ s = 0, (93)
η +
2
κ
aξ s +bξ ′+bη s = 0, (94)
η Bs +(η s−ξ ′)B+C′ξ +Csη +C(η s−ξ ′)
+ 3κM2P k(−η +bξ ′−bη s) = 0, (95)
(−3κM2Pbk+C+B)ξ s = 0, (96)
and
A′ξ +Bη ′+Csη +C′ξ +Cη ′−3M2P kξ −3κM2P k bη ′ = 0, (97)
where we have defined ′ ≡ ∂/∂a, s ≡ ∂/∂b,C(a,b) = a3ρbg(b/a),C(a,b) = b3ρbg(a/b), A(a) = a3ρm(a)
and B(b) = b3ρm(b). It should be emphasized that we have not introduced any particular form for the
functions ρm(a) and ρm(b) in the Lagrangian (28); we just consider that they are given by the continuity
equation once a particular kind of material content is assumed. We can now wonder if there are some
functions ρm(a) and ρm(b) for which the system is compatible; in other words, we study if some material
contents minimally coupled to each gravitational sectors are compatible with the existence of a Noether
symmetry. In summary, the unknown functions8 of the system of equations (92)-(97) are ξ (a,b), η(a,b),
ρm(a) and ρm(b). Hence, the system has more equations than unknown functions and can be, therefore,
incompatible. If that was the case and there were no solution, then one would conclude that there is no
minimally coupled material content that allows the existence of a Noether symmetry in bigravity cosmol-
ogy (at least, there would not be a Noether symmetry assuming Einstein-Hilbert gravitational terms and
the fulfillment of the equivalence principle).
8 It is worth noticing that if the configuration space Q has dimension n, the number of differential
equations emerging from LXL = 0 is 1+n(n+1)/2. In our case, we obtain six equations instead of four,
because we have two more unknown functions that are ρm(a) and ρm(b).
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Equation (93) simply implies that
ξ s = 0⇒ ξ = ξ (a). (98)
This condition makes equation (96) trivially satisfied. Taking into account that ξ is independent of b in
equation (92), one has
η ′(a, b) =
η ′0(a)
b
⇒ η(a, b) = η0(a)
b
+ c(b), (99)
being η0(a) a function of a which should be determined using the other equations. Introducing equations
(99) and (98) in equation (94), one gets
c(b)
b
+ cs(b) =−ξ ′(a)≡−ξ0, (100)
which must, therefore, be equal to a constant that we have denoted as −ξ0. Then, this implies
ξ (a) = ξ0a+φ , η(a,b) =
η0(a)
b
− ξ0
2
b+
δ
b
, (101)
where φ and δ are arbitrary constants. Now, considering again equation (92), we have
ξ (a) = ξ0a+φ ,
η(a,b) = − 3
2κ
ξ0
a2
b
− φ
κ
a
b
+
δ
b
− ξ0
2
b. (102)
Therefore, the most general ξ (a) and η(a, b) compatible with equations (92), (93), (94) and (96) are given
by (102). In order to obtain these functions, we have not imposed any restrictions on A(a) and B(b), but
we have still two equations of the system. Hence, the system will be compatible if there are functions A(a)
and B(b) which are solutions of equations (95) and (97) with ξ (a) and η(a, b) given by equation (102).
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